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Introduction

Continuum-to-continuum



Course Organization
C

IV
IL

 4
08

K
.K

ar
ap

ip
er

is

9

Discrete-to-continuum
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Data-driven

Applications

Student presentations



Welcome to 
Multiscale Modeling
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The challenge of modeling materials
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Modeller’s choice: 
■ Linearized vs finite kinematics
■ Isotropic vs anisotropic 
■ Elastic vs inelastic (plasticity, damage, ...) 
■ History-dependent and/or rate-dependent 
■ Coupled models:

■ Thermomechanical coupling
■ Electro-magneto-chemical coupling

Materials models to be determined/calibrated from experiments/lower-scale models (tedious!)

Hard to find suitable material model/parameters for the full possible range of loading 
conditions/stress paths during a simulation



Multiscale structure of materials
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Metals Composites

Polycrystalline structure Fiber reinforced 
composite

Laminate

Macroscale

Microscale

■ Accurate material description requires resolution of the smaller scales
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Macroscale

Microscale

■ Accurate material description requires resolution of the smaller scales

Biomaterials (Wood) Geomaterials

Granular microstructureCellular microstructure

Biomaterials (Bone)

Osteons 
(~100mm)

Fiber patterns
(~50mm)

Collagen fibrils
(~1mm)
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Hierarchy of scales
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Architected materials (Metamaterials)

Meza et al., 2015



Computational & Continuum Mechanics Review
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Governing equations:

Model domain:

Material model:

Boundary/initial conditions:

deformed 
configuration

undeformed 
configuration
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Governing equations:

Model domain:

Material model:

Boundary/initial conditions:

deformed 
configuration

undeformed 
configuration

Extension to thermomechanics



Computational & Continuum Mechanics Review
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Primary field:  
Displacement field:

Kinematics: 
Strain tensor:

Acceleration field:

Constitutive relation:
Cauchy stress:

Balance of linear momentum:



Computational & Continuum Mechanics Review
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Primary field:  
Deformation mapping:

Kinematics: 
Deformation gradient:

Acceleration field:

Constitutive relation:
1st Piola-Kirchhiff stress:

Balance of linear momentum:



Linear elasticity and Hyperelasticity
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Linear elasticity:  
      where              is a 4th-order tensor with 81 coefficients.

■ Symmetry of stress tensor
■ Symmetry of strain tensor
■ Strain energy 

■ Strain energy                     

      where   

reduction 
to 21 

coefficients

Hyperelasticity (NeoHookean):  



The Finite Element Method - Quasistatics
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Variational principle:

Weak form:

Discretization:

Finally:



The Finite Element Method - Dynamics
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Variational principle (Least action):

                                                                  with

Weak form:

Discretization:

Finally:



Numerical implementation
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Scale separation:
Macroscopic field variables vary much more slowly than microscopic field 
variables, and characteristic dimensions on the macroscale are significantly 
larger than on the microscale:

Examples where scale separation applies or not:

√X X X



Separation of scales
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More examples where separation of scales fails:

             Shear bands and faults            Fracture in composites

Desrues et al., 2002
Costa, 2019



Multiscale Modeling Methods
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Hierarchical/Vertical 
scale-bridging

Concurrent/Horizontal 
scale bridging

Abraham et al., 1998

Microscale RVE
Macroscale

Raschi et al., 2020

e.g. MAAD = macroscopic, atomistic, ab initio dynamicsaka “computational homogenization”
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Relies on extracting the average or “effective” behavior of the microscale.

effective
material model

Questions:
- How do we impose an average strain?
- How do we calculate the ensuing average stress?
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Distance-minimizing scheme Machine learning 

Masi et al., 2021

Microscale RVE

Macroscale

Karapiperis et al., 2020

Macroscale

Microscale RVE

Data-Driven Hierarchical Modeling



Periodic vs Non-periodic Microstructure
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Periodic Non-periodic

Unit cell
(Smallest repeating unit whose 

periodic tiling tesselates the space)

Representative 
Volume Element (RVE)
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Relies on spatially bridging the microscale and the macroscale.

Questions:
- How do we ensure energetic consistency?
- How do we ensure smooth coupling of the two domains?

Regueiro et al., 2011



Why do we need this class?
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Available software at different scales ...
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1. Understand theories and computational methods that bridge across scales
    (discrete-to-continuum, continuum-to-continuum)

2. Understand typical theories and models of individual scales 
    (atomistic, mesoscale, continuum, ...)

3. Develop a code for computational multiscale analysis of a material
    (Python)



Continuum-to-continuum

• Statistical homogeneity, RVEs

• Averaging theorems

• Hill-Mandel condition

• Computational homogenization

• Asymptotic methods

• Analytical methods (Cauchy-Born)

Outlook
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Discrete-to-continuum

• Discrete element method

• Atomistic simulation

• Mesoscale methods

• Hierarchical discrete-to-
continuum scale bridging 

• Concurrent discrete-to-
continuum scale bridging

• Data-driven scale bridging

   Applications

• Composites

• Metals

• Geomaterials

• Concrete 

• Masonry

• Architected materials

• ...



Multiscale Modeling, D.M. Kochmann 
Chapters 1-3

Reading for next class:
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